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Spin Glass Model

Figure: Magnetic Spins in a graph with black vertices denoting -1 and
white vertices denoting +1

o € {—1,1}" denotes the magnetic spin vector in the graph.
n
P(o) < exp(B Y Jjoio))
j=1

where J: interaction matrix, 8 > 0: inverse temperature.
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Potts Model

Figure: Coloring with 3 colors in a graph(may not be proper)

X € [q]" denotes the coloring in the graph.

P(X) o exp | B Jjlx—x,
=1
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Tensor Potts Model

ﬂo

Figure: Introducing peer group interactions

X € [q]" denotes the coloring in the hypergraph.

N
]P)(X) xexp| B Z Jil:-qu ]lxil:...:xip + hz 1Xi:1
i=1

iesip

where, h > 0: magnetic field.
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Set Up

1

o Consider the Curie-Weiss setting where J;, ;i = w=.
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1

o Consider the Curie-Weiss setting where J;, ;i = w=.

@ This is an exponential family with paramters
(8, h) € (0,00) x [0, 00).
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o Consider the Curie-Weiss setting where J; i = =T
@ This is an exponential family with paramters
(8, h) € (0,00) x [0, 00).

o Define X, = £ SN 1x._, then,

q
Pspn(X) = BN XP+ Nh>‘<_1> (1.1)

1
——=———~ exp
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o Consider the Curie-Weiss setting where J;, ;i = w=.

@ This is an exponential family with paramters
(8, h) € (0,00) x [0, 00).
o Define X, = £ SN 1x._, then,

q
’ r=1

e Magnetization Vector, Xy := ()_(,)i’:1
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© Goal
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@ Asymptotics of the maximum likelihood (ML) estimates of the
parameters 5 and h.

@ Asymptotics of the magnetization vector (Xy).
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e Asymptotics of Magnetization vector
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Large Deviation of Xy

Xy concentrates around global maximizers of Hg 4:

q q
Han(t) =B tP+hty—> tlogt,
r=1 r=1

Theorem (B.,Mukherjee (2023))

Let By — B and hy — h. Then, under Pg,, p, n, the empirical
magnetization X satisfies a large deviation principle with speed N
and rate function —Hpg p + sup Hg p.

Sanchayan Bhowal Tensor Curie-Weiss Potts Model



Partitioning the Parameter Space

© Regular: if the function Hg j has a unique global maximizer
m, and the Qn,, 3 = Hess(Hpa ) is negative definite at m, on
Hq:={teRI:>7  t =0}
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Partitioning the Parameter Space

© Regular: if the function Hg j has a unique global maximizer
m, and the Qn,, 3 = Hess(Hpa ) is negative definite at m, on
Hq:={teRI:>7  t =0}

@ Critical: if Hg  has more than one global maximizer.
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Partitioning the Parameter Space

© Regular: if the function Hg j has a unique global maximizer

m, and the Qn,, 3 = Hess(Hpa ) is negative definite at m, on
Hq:={teRI:>7  t =0}

@ Critical: if Hg  has more than one global maximizer.

© Special: if Hg p has a unique global maximizer m, and Qp,, 3
is singular on H,.
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Form of the maximizers

Lemma

1+(g—1)s 1-s 1-s
q’ > q

The maximizers m are of the form < R

) = (g (122 ) ok (L 02 (Lrla 20y

where k(x) = kg p(x) := BxP — xlog x.
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Form of the maximizers

Lemma

1+(g—1)s 1-s 1-s
q’ > q

The maximizers m are of the form < R

) = (g (122 ) ok (L 02 (Lrla 20y

where k(x) = kg p(x) := BxP — xlog x.
Special:

Q@ typel, if fﬁ(j?(s) <0.
@ type-ll, if £ (s) = O(Not observed in Ising Model)
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==Strongly Critical
h «=m\\/eakly Critical
1 ® Transition Point
o Special Point
0.5
0 L 4
0 1 2 3 4 5
B

Figure: Partition of the paramter space, for p=7,q=5
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am—Weakly Critical

@ special Point

Figure: Partition of the paramter space, for p=4,q=2
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CLT of Xy under perturbation

Theorem (B.,Mukherjee(2023))
© Regular: for X ~ P

1- _1. for some B,h € R,
B+N~32B,h+N"2hp

Nz (Xy —m.) 2 N, (S(Bpm? " + he1), %),
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CLT of Xy under perturbation

Theorem (B.,Mukherjee(2023))

© Regular: for X ~ P5+N‘%B,h+N‘%E,p for some 3, h € R,

Nz (Xy —m.) 2 N, (S(Bpm? " + he1), %),

@ C(ritical:

o for X ~Pgpp, as N — co, we have:

Xn PZK: 0
myg

o under Pg, p, ( ‘XN € B(m;,e )
Y/

\/N(XN - m,) ( (/Bpm + 7781),2/),
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CLT of Xy under perturbation

Theorem ((contd.))
@ Special: Let u==(1-gq,1,...,1),

o Type-I: Under Pﬁ+N*%B,h+N*%B,p' as N — oo,

N%(XN — m*) 2) TBJ'”’

where Tz has density proportional to,

oo (Zp*0(6) + (Botme ) + K1 - ) ).
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CLT of Xy under perturbation

Theorem ((contd.))
@ Special: Let u==(1-gq,1,...,1),

o Type-I: Under Pﬁ+N*%B,h+N*%B,p' as N — oo,

N%(XN — m*) 2) TBJ'”’

where Tz has density proportional to,

oo (Zp*0(6) + (Botme ) + K1 - ) ).

o Type-ll: Under ]P)ﬂ+N* N Shp

NE (X —m.) 2 Fru.

where F; has density proportional to exp (fgx6 — hx)
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Proof Sketch

@ Denote Wy = VN ()_(N — m*).

@ g :R9— R a bounded, continuous function .
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Proof Sketch

@ Denote Wy = VN ()_(N — m*).
@ g :R9— R a bounded, continuous function .

@ Weak Convergence:

0" Zn(Bn, h)Esy . [8(WN) T y<m]
= gw(¥) 1wy <ma” Zn(Bns An)Psy hy n(Xn = v)
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Proof Sketch

@ Denote Wy = VN ()_(N — m*).
@ g :R9— R a bounded, continuous function .

@ Weak Convergence:

0" Zn(Bn, h)Esy . [8(WN) T y<m]
= gw(¥) 1wy <ma” Zn(Bns An)Psy hy n(Xn = v)

@ A small lemma,
q" Zn(B, MPs pn( XN = v) ~ N_%IA(V)eNHﬂ’h(V)

where A(v) := (2r)~(@=D/2[]9_ v, /2.
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Proof Sketch

Taylor expand Hg, 4, to get,

a" Zn(Bn, hn)Esy, v [8(WN) 1wy <m]
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Proof Sketch

Taylor expand Hg, 4, to get,

a" Zn(Bn, hn)Esy, v [8(WN) 1wy <m]
A m* m 3 145 w 1 w
-~ ,\(1‘721) eVHay .y (m) Zg(w)lnw"SMe(ﬁpmi +he1,w)+5Qm, 5(w)
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Proof Sketch

Taylor expand Hg, 4, to get,

a" Zn(Bn, hn)Esy, v [8(WN) 1wy <m]
AU () 5 g ()1 e PP ) 1)

N 2

NA(m*)eNHﬁthN(m*)/ g(w)elPpm: +herw)+3 Qm. 5(w),
Hq (N B(0,M)
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Proof Sketch

Hence, under Pg,, p, N, Wy conditioned on |[W || < M converges
weakly to the density proportional to

w — e(Bpmffl—f—Eeth—%Qm*,g(W) .

Conclude the proof by uniform integrability of {Xy}.
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e Asymptotics of the Maximum Likelihood Estimates
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MLE of the parameters

We interested to esimate:
@ /3 with h known,
@ h with 8 known.
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MLE of the parameters

Define upy p and upy 1 as,
unp(B, b, p) =B np([XnlB) and  un1(B;h,p) = Egpp(X1).

From classical results of exponential family the ML estimate B
satisfies the equation for fixed h:

UN,P(Bv h,p) = H)_(NHg
and for fixed 3, the ML estimate h satisfies the equation:

un,1(B, h, p) = Xi.

Sanchayan Bhowal Tensor Curie-Weiss Potts Model



Lemma
un,p(B, h) and up,1(B, h) are increasing in 3 and h respectively.

Proof Sketch:
Define Fy := log gV Zy(3, h). Then note that %FN = un (B, h)
and %FN = upn,1(B, h). From holder’s inequality Fy is convex in

B, h.
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Limit Theorems of MLE

Theorem (B., Mukherjee(2023))

For regular points we have:

o 2
Nz (h,\, — h) =Ny (0,—(qi—1)2f5//,h(5)>
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Limit Theorems of MLE

Proof(contd.)

= Ponp (Xl SE s hin-be (X1)>

= Pp.np (N% (X1 —my) SEﬁh+N 2tp< %(Xl ))

(g—1) )2
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Asymptotics of BN and Ay

==Strongly Critical
«=\\eakly Critical
1 © Transition Point

o Special Point

Figure: Regular: By is v/N consistent except at the red line. hy is VN
consistent
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Asymptotics of BN

=—=Strongly Critical

«=\\eakly Critical
1 ® Transition Point
© Special Point
0.5
0 v
0 1 2 3 4 5
B

Figure: Strongly Critical: B is /N consistent. hy is /N consistent
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Asymptotics of BN and Ay

==Strongly Critical
«=\\eakly Critical
1 © Transition Point
© Special Point

Figure:  Weakly Critical: BN is v/N inconsistent. Ay is v/N consistent
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Asymptotics of BN and Ay

==Strongly Critical
«=\\eakly Critical
1 © Transition Point
© Special Point

Figure:  Transition Point: BN is v/N inconsistent. Ay is v/N consistent
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Asymptotics of BN and Ay

25

=—Strongly Critical

h «=\\eakly Critical

1 ® Transition Point
© Special Point
0.5
0 2 g
0 1 2 3 4 5
B
Figure: Special Point: By is N3/4 consistent except for

(p,q) = (2,2),(3,2). hy is N3/* consistent.
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Special Case

em—tcakly Critcal

@ specialpoint

Figure: Special Point: By is N5/% in-consistent. Ay is N%/¢ consistent.
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Summary and Discussion

@ Phase transitions in the asymptotics of the magnetization
vector.
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Summary and Discussion

@ Phase transitions in the asymptotics of the magnetization
vector.

@ Asymptotics depend largely on the number of maximizers of a
certain function Hg  and (p, q).
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Summary and Discussion

@ Phase transitions in the asymptotics of the magnetization
vector.
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@ For “almost every” points, both BN and hy are
v/ N-consistent and asymptotically normal.
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Summary and Discussion

@ Phase transitions in the asymptotics of the magnetization
vector.

@ Asymptotics depend largely on the number of maximizers of a
certain function Hg  and (p, q).

@ For “almost every” points, both BN and hy are
v/ N-consistent and asymptotically normal.

@ At one point, both BAN and hy can be superefficient,
converging at rate N3/4 to non-Gaussian distributions.
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Summary and Discussion

@ Phase transitions in the asymptotics of the magnetization
vector.

@ Asymptotics depend largely on the number of maximizers of a
certain function Hg  and (p, q).

@ For “almost every” points, both BN and hy are
v/ N-consistent and asymptotically normal.

@ At one point, both BAN and hy can be superefficient,
converging at rate N3/4 to non-Gaussian distributions.

@ There exists a continuous curve in the interior of the
parameter plane, on which the MLEs have mixture
distributions. The components are normal/half-normal and
point masses.
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Summary and Discussion

@ Phase transitions in the asymptotics of the magnetization
vector.

@ Asymptotics depend largely on the number of maximizers of a
certain function Hg  and (p, q).

@ For “almost every” points, both BN and hy are
v/ N-consistent and asymptotically normal.

@ At one point, both BAN and hy can be superefficient,
converging at rate N3/4 to non-Gaussian distributions.

@ There exists a continuous curve in the interior of the
parameter plane, on which the MLEs have mixture
distributions. The components are normal/half-normal and
point masses.

@ The curious case of (p, q) = (4,2), where hy can converge at
rate of N°/® to a non-Gaussian distribution.

Sanchayan Bhowal Tensor Curie-Weiss Potts Model



Thank You!
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